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MINIMAL SURFACES IN CIRCLE BUNDLES OVER RIEMANN SURFACES
PABLO M. CHACÓN AND DAVID L. JOHNSON
Abstrat. For a ompat 3-manifold M whih is a irle bundle over a Riemann surfae Σ with even Euler
number e(M), and with a Riemannian metri ompatible with the bundle projetion, there exists a ompat
minimal surfae S in M . S is embedded and is a setion of the restrition of the bundle to the omplement
of a nite number of points in Σ.
1. Introdution
Let M be a 3-manifold whih is a irle bundle over a ompat Riemann surfae Σ, with projetion π :
M → Σ. Assume that the metri on M is ompatible with the bundle projetion, that is, π is a Riemannian
submersion and the bers are geodesis. Assume that the Euler lass e(M) of the assoiated rank-2 vetor
bundle E over Σ is even. The goal of this paper is to show the existene of a smooth minimal surfae in
M . We will show the existene of suh a surfae whih is a setion of the bundle exept over a nite set of
points, and is topologially the Riemann surfae Σ with a nite number of ross-aps.
An example of suh a minimal surfae is desribed in [1℄. Consider M = T1(S
2), the unit tangent bundle
of the standard 2-sphere. For any hoie of a unit tangent vetor v at p ∈ S2 , the Pontryagin yle P , the
setion dened by parallel translation of v along eah longitude line from p, will be a smooth minimal surfae
in M whih is a smooth setion exept over −p. P is in this ase a totally-geodesi RP2 embedded in M .
The authors thank Antonio Ros for suggesting this problem, and also Olga Gil Medrano for many helpful sug-
gestions. The seond-named author thanks the Universidad de Granada and the Universidad de Salamana
for their support during his visits.
2. Minimal graphs
Let X be a ompat, n-dimensional manifold, and let π : B → X be a ber bundle overX with with ompat
ber F of dimension k. Any suh bundle admits a lass of Riemannian metris, due to Sasaki [6℄, for whih
the projetion π is a Riemannian submersion with totally-geodesi bers isometri to F under inlusion,
determined by a hoie of onnetion on the assoiated prinipal bundle.
Denition 2.1. A retiable setion T in B is a ountably-retiable, integer-multipliity n-urrent in B
so that,
(1)
〈−→
T (q), e(q)
〉
≥ 0, ‖T ‖-almost everywhere; where e(q) is the unique horizontal (orthogonal to the
bers) n-plane at q whih maps onto T∗(X, π(q)) under π∗ (preserving orientation), and
−→
T is the
unit oriented n-vetor tangent plane of T at q.
(2) The image urrent π#(T ) is the fundamental lass 1[X ] as an n-dimensional urrent on X with
integer oeients.
(3) If ∂X = ∅, ∂T ≡ 0(mod 2) as at hains modulo 2 (If ∂X 6= ∅, ∂T must have support ontained in
π−1(∂X) = ∂B).
The spae of all suh retiable setions of the bundle B over X will be denoted Γ˜(B).
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Remark 2.2. This denition diers slightly from that in [4℄, in that here the urrents are only required to be
relative yles mod-2. This is neessary beause the urrents onstruted will not be yles as integral hains.
As retiable urrents they are by denition oriented, but urrents orresponding to smooth submanifolds
may be nonorientable as manifolds, or, equivalently, may have interior boundaries as retiable urrents.
Compat nonorientable manifolds without boundary (as manifolds) are mod-2 yles as at hains modulo
2.
In [4℄ it is shown that any homology lass of retiable setions has a minimal-mass representative, whih is
a ontinuous setion over an open, dense subset of X . As remarked in [5, 11.1℄ or [3, 4.2.26℄, the extension
from integer oeients to Z/2Z oeients, and onsidering the urrents as at hains modulo 2 for the
boundary ondition will not alter the arguments of [4℄.
If σ is a C1 setion, then the mass of the image (usually alled the volume of the setion in this ase) is
given by
V(σ) :=
∫
X
√
1 + ‖∇σ‖2 + · · ·+
∥∥∥∥∇σ ∧ min {n, k}· · · ∧ ∇σ
∥∥∥∥2dVX .
Theorem 2.3. [4℄ Let X be a ompat manifold, and let B be a ber bundle over X with ompat smooth
ber F and with an assoiated Sasaki metri. In any nonempty mod-2 homology lass of retiable setions
σ : X → B, there is a mass-minimizing, retiable setion whih is ontinuous exept over a set S of measure
0 in X.
Remark 2.4. It should be noted that the original result shows the setion to be C1 on an open dense set;
ontinuity may hold on a slightly larger set. Also, the theorem does not say there will not be other mass-
minimizers that may have worse regularity, only that there is one whih is this niely behaved. Finally,
Proposition (2.5) below will imply that there is suh a nonempty homology lass of retiable setions in the
ases we need.
Now, let M be a 3-manifold whih is a irle bundle π : M → Σ over a ompat Riemann surfae Σ, with
a Sasaki metri. The Euler lass e(M) of M is the Euler lass of the assoiated orientable rank-2 vetor
bundle E → Σ. In order to show the existene of the laimed minimal surfae in M , we rst have to show
that Γ˜(M) 6= ∅ when e(M) is even.
Proposition 2.5. If M → Σ is a irle bundle over a ompat Riemann surfae, with even Euler lass
e(M), then Γ˜(M) 6= ∅.
Proof. If k := |e(M)|/2, hoose k points {p1, . . . , pk} ⊂ Σ. Essentially by the Poinaré-Bendixon theorem,
there is a smooth setion of E with zeros only at the points pj , of index ±2 at all points, where the sign is that
of e(M). Equivalently, given ǫ > 0 suiently small, there is a smooth setion τ of M |Σ\{Bǫ(p1),...,Bǫ(pk)}
with the following boundary onditions: for eah j, M |∂Bǫ(pj)
∼= S1 × S1, so the map z 7→ zn denes a
setion on the boundary omponent M |∂Bǫ(pj) with index n = ±2 for eah j ≤ k. A smooth setion τ exists
with these boundary onditions, where we hoose the sign of n to math the sign of e(M). This setion
an be onstruted to extend, for any 0 < δ < ǫ, to M |Σ\{Bδ(p1),...,Bδ(pk)} with similar boundary onditions.
The limit of these extensions, as δ → 0, has losure whih is a mod-2 yle in M , as in [1℄. This limit is a
retiable setion, so the spae Γ˜(M) of retiable setions is nonempty. 
Following [4℄, with the slight modiation to the boundary onditions, there is a mass-minimizing retiable
setion σ in the mod-2 homology lass of τ above, whih is a ontinuous setion over an open dense subset.
We show below that the exeptional set is a nite olletion of bers over points {x1, . . . , xn} ⊂ Σ, and that
the mod-2 yle whih is the losure of this setion is a smooth minimal surfae in M . We emphasize that
the exeptional points of the minimizer need not be the points used in Proposition (2.5); in partiular, the
number n of points may be larger than k.
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3. Singularities
Consider now a mass-minimizing retiable setion T of a irle bundle M over a ompat Riemann surfae
Σ, with the metri as desribed earlier. An exeptional point, or a singular point x ∈ Σ is a point over whih
T is not a ontinuous setion. Sine π(Supp(T )) = Σ, this implies that there are two points, at least, in
π−1(x) ∩ Supp(T ) for an exeptional point x. Our rst goal will be to show that the entire ber is enlosed
in T over any exeptional point. This step uses a basi onstrution whih will be needed elsewhere as well,
a horizontal sequene of strethes of the urrent.
3.1. H-ones. If S ∈ Γ˜(M) is a retiable setion with nite mass, and if x0 ∈ Σ is an arbitrary point,
then for suiently small r > 0, and for all λ > 1, S denes a retiable setion Sλ,R in B(0, R) × S1
by Sλ,R =
[
(φλ)#
(
S|−π
−1(B(0, r))
)]
|−B(0, R) × S
1
, if λr ≥ R, where x0 orresponds with the enter 0
of the oordinate system, φλ(x, y) = (λx, y), and π
−1(B(0, R)) is identied with B(0, R) × S1, having the
Riemannian metri indued fromM and the dilation φλ. B(0, λr)×S1 also has a spei Riemannian metri,
the metri from M strethed horizontally by φλ. Clearly, for an arbitrary R > 0, if λ > 1 is suiently large,
Sλ,R will be well-dened in Γ˜(B(0, R)× S1).
An h-one H of S at x0 ∈ Σ, for a given sequene λi → ∞, is the limit, for eah R > 0, of the sequene of
restrited strethes Sλi,R, if that limit exists as a retiable setion (thinking of Sλ,R as retiable setions
of B(0, R)× S1 in order to dene the limit), and if Hλ,R = H |−B(0, R)× S
1
for all λ > 1. The limit will be
a retiable setion of B(0, R)× S1 with the at Eulidean metri.
For a given point, urrent, and sequene of strethes, an h-one may or may not exist, just as tangent ones
for retiable urrents may or may not exist at a given point. In addition, we make no laim for uniqueness of
suh h-ones (the h-one may depend upon the sequene of strethes) even when they do exist. However, if S
is a mass-minimizing retiable setion, then an h-one will exist over eah base point. Over a regular point,
h-ones are simply horizontal planes, but over singular points they reveal some of the singular struture.
Theorem 3.1. Let S ∈ Γ˜(M) be mass-minimizing and ontinuous over an open dense subset, as in Theorem
[2.3℄. At eah point x0 ∈ Σ, there is an h-one.
Proof. Certainly there is nothing to prove unless x0 is a singular point. In that ase, the strethes satisfy,
for λ > 1,
V(Sλ,R) =
∫
B(0,R)
√
1 +
1
λ2
∥∥∥∇u|x/λ∥∥∥2dA
≤
1
λ
∫
B(0,R)
√
1 +
∥∥∥∇u|x/λ∥∥∥2dA
≤ λ
∫
B(0,R/λ)
√
1 + ‖∇u‖2rdrdθ
= λf(R/λ)
= R
f(R/λ)
R/λ
,
where f(t) = V(S|−B(0, t)×S
1), and S is the graph of u a.e. Now, f is inreasing, thus is almost-everywhere
dierentiable. We have that
d
dt
(
f(t)
t
)
=
tf ′(t)− f(t)
t2
≥ 0.
To see this, let Ct be the horizontal one over S|−∂B(0, t)×S
1
dened by extending rays inward horizontally
to the ber over 0, that is, if S = graph(u), then Ct would be the graph of v(x) := u(tx/ ‖x‖). Then, sine
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S is volume-minimizing, and f ′(t) is the mass of S|−∂B(0, t)× S
1
tf ′(t) ≥ V(Ct)
≥ V(S|−B(0, t)× S
1)
= f(t).
Thus,
f(t)
t is inreasing, and so, for t < R, f(t)/t ≤ A, where A = f(R), or
R
(
f(R/λ)
R/λ
)
≤ RA,
and the mass of Sλ,R is uniformly bounded (in λ) for all λ > 1 suiently large. Thus any sequene {λn}
of strethes, as λ → ∞, is uniformly bounded in mass over a xed R. In order to apply the ompatness
theorem, we need to also show that the mod-2 boundaries ∂2Sλn = Sλn |−∂B(0, R)×S
1
have bounded mass.
But, by sliing, for any λ > 0,∫ s
s/2
V
(
∂
(
Sλ|−B(0, r)
))
dr ≤ V
(
Sλ|−B(0, s)
)
≤ λf(s/λ) ≤ sA,
following [5, Theorem 9.8℄ and [3, 5.4.3(6)℄, and so for some r, R/2 < r < R, V
(
∂
(
Sλ|−B(0, r)
))
≤ RAR/2 =
2A. Also, by sliing, almost-all suh hoies of r have slies that are retiable. Then, the further streth
S(λR/r),R has retiable mod-2 boundary ∂
(
SλR/r|−B(0, R)
)
, with boundary volume V
(
∂
(
SλR/r|−B(0, R)
))
≤(
R
r
)
2A ≤ 4A, So, any sequene λn →∞ an be modied to one with a onvergent subsequene. Set S0,R to
be the limit of this subsequene, S0,R := limn Sλn |−B(0, R) × S
1
. Taking a further subsequene, sine the
boundaries ∂2Sλn,R are retiable and have no boundary themselves, it an be assumed that ∂2Sλn,R also
onverges, to a retiable setion B ∈ Γ˜(S1R × S
1).
To see that S0 is an h-one, we use the fat that at eah point of S there is an oriented tangent one [4,
Prop. 4.1℄ in the usual sense. Any non-vertial ray in the tangent one at a point p ∈ π−1(x0), under the
sequene of horizontal strethes λn, will onverge to a horizontal ray in S0,R, and any point of S0,R is on
suh a horizontal ray, so S0,R is an h-one. 
Eah element of a sequene Sλi of horizontal strethes of a mass-minimizing retiable setion S in turn
minimizes a modied funtional, Vλi dened by
Vλi(T ) := V
((
φ 1
λi
)
#
(T )
)
λi,
where T ∈ Γ˜(B(0, R) × S1) with the metri indued from M by the streth as before, and
(
φ 1
λi
)
#
(T ) ∈
Γ˜(B(0, Rλi )× S
1) has the original metri from M . Sλi will minimize Vλi among all retiable setions with
the same mod-2 boundary as ∂2Sλi = Sλi |−∂B(0, R)× S
1
.
The funtionals Vλi will onverge to a limiting funtional V0. If T is a graph of some smooth funtion
u : B(0, R)→ S1, then V(u) =
∫
B(0,R)
√
1 + ‖∇u‖2dA, and
Vλi(T ) :=
∫
B(0,R/λi)
√
1 + λ2i
∥∥∇u|λix∥∥2dAλi
=
∫
B(0,R)
√
1 + λ2i ‖∇u‖
2 1
λ2i
dAλi
=
∫
B(0,R)
√
1
λ2i
+ ‖∇u‖2dA,
where the seond line is just hange of variables. On suh a urrent, learly
V0(T ) =
∫
B(0,R)
‖∇u‖ dA.
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This funtional is alled the twisting of the urrent in [1℄, at least in the ase of the unit tangent bundle. The
main property of the limiting funtional is that it will be minimized by the h-one of the volume-minimizer
(the minimizer of the limit is the limit of the minimizers), among all retiable setions in B(0, R)×S1 with
the same boundary as the h-one. This property is of ourse not the general situation for arbitrary sequenes
of funtionals, but will hold in this ase.
Proposition 3.2. If, for some sequene λi →∞, the strethes Sλi onverge in Γ˜(B(0, R)×S
1) to S0, where
S minimizes V (and so Sλi minimize Vλi) among all suh urrents with the same boundary in ∂B(0, R)×S
1
,
then S0 minimizes V0 among all elements of Γ˜(B(0, R)× S1) with the same boundary as S0.
Proof. Reall that, taking an appropriate subsequene, the sequene of mod-2 boundaries
∂2Sλi = Sλi |−∂(B(0, R)× S
1)
onverge to C := ∂2S0 = S0|−∂(B(0, R) × S
1) in Γ˜(∂B(0, R) × S1). Then, for any ǫ > 0, there is an I
suiently large so that, if i > I, then there is a retiable urrent Ti in ∂B(0, R) × S1 so that ∂2Ti =
(∂2Sλi − ∂2S0) = (Sλi − S0) |−∂(B(0, R)× S
1) with mass M(Ti) < ǫ.
Assume that S0 does not minimize V0 among all retiable setions with the same boundary. Then, there
is some ǫ > 0, and a retiable setion T ∈ Γ˜(B(0, R)× S1) with ∂2T = ∂2S0 so that V0(T ) < V0(S0)− 4ǫ.
Choose I above for this ǫ. Sine the funtionals also onverge, hoose i > I suiently large so that
Vλi(T ) < V0(T ) + ǫ, V0(S0) < Vλi(S0) + ǫ, and Vλi(S0) < Vλi(Sλi) + ǫ Then, ∂2 (T + Ti) = ∂2Sλi , T + Ti ∈
Γ˜(B(0, R)× S1), and
Vλi(T + Ti) ≤ Vλi(T ) + Vλi(Ti)
< V0(T ) + ǫ+M(Ti)
< V0(T ) + 2ǫ
< V0(S0)− 2ǫ
< Vλi(S0)− ǫ
< Vλi(Sλi),
whih ontradits the fat that Sλi minimizes Vλi . 
With this result. we an identify the kind of singular behavior that an our.
3.2. Index of singularities. A singular point x ∈ Σ of a mass-minimizing S ∈ Γ˜(M) as above determines
an index, an integer kx generalizing the index of vetor elds.
Let x ∈ Σ, and let S ∈ Γ˜(M) be mass-minimizing. For almost-all ǫ > 0 suiently small, the restrition
Sǫ := S|−π
−1(∂B(x, ǫ)) determines a retiable setion Sǫ ∈ Γ˜(S1 × S1). If P : S1 × S1 → S1 is the
projetion onto the seond fator (the ber), then kǫ, dened by P#(Sǫ) = kǫ
[
S1
]
, is just the degree of the
map. Choose a sequene λi → ∞ so that, on B(0, 1)× S1, Sλi onverges to an h-one H . Dene the index
of S at x, kx, to be
kx := lim
i→∞
kλi = kH ,
whih an be viewed as either a limiting index, or, equivalently, the index of the h-one. Of ourse, the
index is also dened for non-minimizing setions, but does seem to require something like the existene of
an h-one to guarantee existene and boundedness of the limit.
Proposition 3.3. If x has index 0, then x is a regular point.
Proof. Assume that x is a singular point with index 0. Then, the h-one H of S at x, in Γ˜(B(0, R)×S1), also
has index 0, so that H |−∂B(0, R)× S
1
is a retiable setion of degree 0, represented as a map u : S1 → S1
of degree 0, possibly with singularities or vertial portions. Thus u = eif for some real-valued map f (in
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general, retiable setion of the trivial line bundle), and H is the graph of u(r, θ) = eif(θ). The h-one
minimizes the funtional
V0(u) =
∫ ∫
B(0,R)
‖∇f‖ rdrdθ
=
∫ ∫
B(0,R)
∥∥∥∥∂f∂θ
∥∥∥∥ drdθ.
For any funtion h(r, θ) with support in the interior of B(0, 1),
0 =
∂
∂t
∣∣∣∣
0
∫ ∫
B(0,R)
‖∇(f + th)‖ rdrdθ
=
∫ ∫
B(0,R)
1
r
∂f
∂θ
∂h
∂θ∥∥∥∂f∂θ ∥∥∥ rdrdθ
=
∫ ∫
B(0,R)
∂f
∂θ
∂h
∂θ∥∥∥∂f∂θ ∥∥∥drdθ.
For some small ǫ > 0, take h to be h(r, θ) := (M − ǫ(R− r)/R− f(θ))−, where by ()− we mean the
nonpositive part of the funtion, (g)− (x) := inf {g(x), 0}, and M = sup {f(θ)}. Sine, in Supp(h), whih
has positive measure, ∂h/∂θ = −∂f/∂θ,
∂f
∂θ
∂h
∂θ
‖ ∂f∂θ ‖
= −
∥∥∥∂f∂θ ∥∥∥. Unless f is a.e. onstant, the integral will be
negative, whih would ontradit minimality of S. Thus f must be onstant, and so the graph of S is
ontinuous at x. 
As a orollary, we an now show that at any singular point, the entire ber over the point is ontained in
the support of S.
Corollary 3.4. If x ∈ Σ is a singular point for a mass-minimizing S ∈ Γ˜(M), then π−1(x) ⊂ Supp(S).
Proof. The singularity has to have nonzero index, whih implies that the entire ber is in the support. 
Corollary 3.5. The singular points of a mass-minimizing S ∈ Γ˜(M) are isolated.
Proof. If a singular point x0 is the limit of other singular points and is of index k, onsider the urrent
dened in B(0, R)× S1 as Sv, where v(r, θ) = e−ikθ, whih has support
Supp(Sv) =
{
(x, yv(x)) ∈ B(0, R)× S1
∣∣ (x, y) ∈ S}
and has the obvious tangent planes and multipliities inherited from S. Clearly Sv has index 0 at x0.
However, sine there is a sequene of singular points of S approahing x0, and for eah suh point xi the
entire ber is ontained in the support of S, this will also be true for Sv sine v has only x0 as a singular
point, so is regular at eah xi, and thus Sv is still singular at xi as laimed. Sine Supp(Sv) is losed, it
must ontain the entire ber over x0, so x0 is a singular point of Sv, and is of index 0 at x0.
Sv does not minimize the volume, but it does minimize a twisted volume Vv dened for retiable setions
of B(0, R)× S1 by Vv(T ) = V(Tv
−1). Strething as before, the h-one Hv (where H is the h-one of S for
a spei sequene of strethes) will minimize
Vv,0(w) =
∫ ∫
B(0,R)×S1
∥∥∇(wv−1)∥∥ dA.
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Sine Hv, the minimizer of this funtional (with the boundary onditions inherited from S), is an h-one,
we have the variational ondition, as before, if w = eif ,
0 =
d
dt
∣∣∣∣
0
∫ R
0
∫ 2π
0
‖∇(f + th(r, θ) + kθ)‖ rdθdr
=
∫ R
0
∫ 2π
0
(
∂f
∂θ + k
)
∂h
∂θ∥∥∥∂f∂θ + k∥∥∥ dθdr.
As with Proposition (3.3), taking h to be h(r, θ) := (M − ǫ(R− r)/R − f(θ)− kθ)−, where M is the maxi-
mum of f , would provide a ontradition unless ∂f∂θ + k ≡ 0.
Thus, the h-one of S at x0 is that of v
−1
itself, whih has only the singularity at 0. If S had a sequene of
singularities approahing x0, the h-one would also. Thus the singularities of S are isolated. 
This result also shows:
Corollary 3.6. Eah singularity is of index ±2.
Proof. In [1℄, it is shown that only an isolated singularity of index ±2 an be a retiable setion. 
We nally are in a position to prove the main result, whih is
Theorem 3.7. Let M be a irle bundle over a ompat Riemann surfae Σ, with the Sasaki metri, so that
the Euler number e(M) of the irle bundle is even. Then, there is a mass-minimizing retiable setion S
whih is moreover a smooth, embedded minimal surfae in M . Topologially, S is Σ with a nite number of
ross-aps.
Proof. For a volume-minimizing setion S ∈ Γ˜(M) as shown to exist by Theorem [2.3℄, we have shown that
there are a nite number of singular points x ∈ Σ, over eah of whih S ontains the entire ber, and the
index is ±2. On the omplement of those singular bers, S is a ontinuous graph and is a minimal surfae,
so it is smooth (sine it is odimension 1 in a 3-manifold.).
In an ǫ-neighborhood of the singular bers, the graph is asymptotially that of u = e±2iθ, and so the urrent
is C1 at these points. Sine it is of lass C1 and minimal (weak mean urvature vanishing), it is a smooth
minimal surfae. That the struture of the surfae in a neighborhood of a singularity is a ross-ap an be
found in [1℄. The topologial statement then follows. 
Remark 3.8. While it seems lear that a volume-minimizing retiable setion should have a minimal number
of singular points, sine singularities add to volume [2℄, we do not make that laim. If, however, the Euler
lass of the bundle is 0, there will be a smooth minimizer whih is a global setion, sine in that ase we an
work with the lass of urrents whih are limits of smooth setions. All singularities would then be of index
0, and so ould not exist.
Remark 3.9. A similar statement should hold for bundles with odd Euler lass, exept that the minimizer
will not be a setion, but will generially be the double of a setion with a nite number of singular bers.
The Hopf bration S3 → S2 provides suh an example, with the equatorial S2 in S3 being the double-setion,
meeting eah ber at two points exept for one ber ontained in the surfae.
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